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• Our distribution consists of lower tail Pareto, lognormal body, and upper tail Pareto.
• We apply this distribution to all US cities.
• Our distribution fits the data more accurately than lognormal and upper tail Pareto.
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a b s t r a c t
We consider a distribution, which consists of lower tail Pareto, lognormal body, and upper
tail Pareto, to estimate the size distribution of all US cities. This distribution fits the data
more accurately than a distribution that comprises of only lognormal and the upper tail
Pareto.
© 2016 The Author(s). Published by Elsevier B.V. This is an open access article under the
CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction
City size distribution has been studied extensively for several decades [1]. Earlier studies focused on the distribution of
cities in the upper tail and found this distribution to be Pareto [2]. Gabaix [3] developed an economic model that predicts
Gibrat’s law and power law behavior for upper tail cities. Along this line, Reed and Jorgensen [4] employed geometric
Brownian motion to derive lower-tail reverse-Pareto and upper-tail Pareto distribution which he termed double Pareto
lognormal. In contrast, Eeckhout [5] formulated an economicmodel and concluded lognormal distribution accurately depicts
the US city size distribution.
Based on the above economic models, studies have attempted to combine the lognormal body and the upper-tail Pareto
into a unified distribution to analyze the distribution of all cities [6]. Recent studies byDevadoss et al. [7,8] have shown strong
evidence that the lower tail of the city size distribution also follows the power law behavior. Consequently, the purpose of
this study is to propose a distribution, which is consistent with the economic theory of city sizes, to model lower and upper
tails with Pareto and middle range with lognormal, and endogenously identify the transition points both from lower tail
to lognormal and from lognormal to upper tail.1 We denote this distribution as Pareto-tails lognormal (PTLN). Thus, our
distribution extends that of Ioannides and Skouras [6] by modeling the reverse Pareto for the lower tail and delineating
∗ Corresponding author.
E-mail address: jluckste@uark.edu (J. Luckstead).
1 Reed [9] models both the lower tail and upper tail with Pareto and the middle range with lognormal, but this model does not allow for parametric
estimation of the switching points. Also see Gómez-Déniz and Calderín-Ojeda [10] for application of Pareto ArcTan Distribution.
http://dx.doi.org/10.1016/j.physa.2016.08.061
0378-4371/© 2016 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/
licenses/by-nc-nd/4.0/).
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the switching point at the lower tail also. We econometrically estimate the size distribution of all US cities using these two
distributions. Our results show that the two-Pareto tail-lognormal distribution performs better than the lognormal-upper
tail Pareto distribution. The next section presents the two-Pareto tail-lognormal distribution and shows how it is related
to the lognormal-upper tail Pareto distribution. We also present the log-likelihood functions for these two distributions.
Section 3 discusses the data, estimation, and results. The final section concludes the paper.
2. Two-Pareto tail-lognormal distribution
In recent years, new size distributions in the literature havemushroomed. Economists have combined the lognormal and
Pareto distributions, which are grounded in economic theory, to formulate composite lognormal–Pareto distributions. These
distributions are also grounded in statistics and can be constructed from several different methods. Eliazar and Cohen [11],
Eliazar andCohen [12], Eliazar andCohen [13] apply Lorenz asymptotic analyses to derive rankdistributions tomodel income
and wealth in human societies and other natural phenomena. Reed [14] and Reed and Jorgensen [4] provide evidence of
upper-tail Pareto and lower-tail inverse Pareto in city size data and use geometric Brownian motion to derive the double
Pareto lognormal distribution. Eliazar and Cohen [15,16], and Eliazar and Cohen [17] use geometric Langevin dynamics to
derive general methods for constructing composite distributions; one commonly employed distribution is the log-Gaussian
for the body and power law in both tails. In a recent study, Cohen and Eliazar [18] employ an entropy based approach to
establish power-law distributions.
Along this line of work, we formulate a distribution consisting of three components – lower tail Pareto, middle range
lognormal, and upper tail Pareto – as specified by
h (x;µ, σ , αl, τl, αu, τu) =
c (µ, σ , τl, αl) b (µ, σ , αl, τl, τu, αu) g
l (x;αl, τl) , xmin ≤ x < τl
b (µ, σ , αl, τl, τu, αu) f (x;µ, σ) , τl ≤ x ≤ τu
a (µ, σ , τu, αu) b (µ, σ , αl, τl, τu, αu) gu (x;αu, τu) , τu < x <∞.
(1)
Below, we define each of the components and the parameters. The lower tail Power law, with shape parameter αl, over the
support [xmin, τl) is
g l (x;αl, τl) = xαl−1, xmin ≤ x < τl, αl > 0,
where τl delineates the transition point from the lower tail to lognormal. The lognormal body, with location µ and scale σ ,
over the support [τl, τu] is
f (x;µ, σ) = 1
xσ (2π)1/2
exp

− (log x− µ)
2
2σ 2

, τl ≤ x ≤ τu,
where τu pinpoints the switching point from lognormal to the upper tail. The upper tail Power law, with shape parameter
αu, over the support (τu,∞) is
gu (x;αu, τu) = x−(1+αu), τu < x, αu > 0.
The normalization constant c (µ, σ , τl, αl) = f (τl;µ,σ)g l(τl;αl,τl) maintains continuity at the transition point τl, and similarly, the
normalization constant a (µ, σ , τu, αu) = f (τu;µ,σ)gu(τu;αu,τu) preserves continuity at τu. The term
b (µ, σ , αl, τl, αu, τu) =

f (τl;µ, σ) τl − (τl)
1−αl xαlmin
αl
+ Φ (τu;µ, σ)− Φ (τl;µ, σ)+ f (τu;µ, σ) τu
αu
−1
is a normalization constant which ensures that the integration of the PDF h over its entire support yields one, where Φ is
the CDF of the lognormal.
Calderín-Ojeda [19] builds on Ioannides and Skouras’s four-parameter continuous spliced model by proposing a three-
parameter composite Lognormal–Pareto distribution to estimate the distribution for all French communes.2 In contrast, our
distribution explicitly models the lower tail.
By imposing the differentiability at the transition points, we derive the following two restrictions:
αl = − log τl − µ
σ 2
(2)
αu = log τu − µ
σ 2
(3)
and reduce the number of parameters to be estimated from six (µ, σ , αl, τl, αu, and τu) to four (µ, σ , τl, and τu).3
2 Puente-Ajovin and Ramos [20] study the French, German, Italian, and Spanish communes by estimating the seven-parameter threshold double Pareto
Singh–Maddala distribution. This distribution also captures Pareto behavior in the lower and upper tails but has a Singh–Maddala body.
3 It is worth noting that Eliazar and Cohen [21] and Eliazar and Cohen [22] derive a similar Pareto tails-lognormal body distribution using geometric
Langevin dynamics and apply to study socioeconophysical variables such as income and wealth. When we applied this distribution to our city-size data,
the performance of this model is comparable to that of our distribution.
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For n i.i.d. samples of x, the joint log-likelihood is
L (µ, σ , τl, τu|x1, . . . , xn) =

nτl−1
i=1
log [c]+
nτl−1
i=1
log [b]+
nτl−1
i=1
log

g l (xi)

, xmin ≤ x < τl
nτu
i=nτl
log [b]+
nτu
i=nτl
log [f (xi)] , τl ≤ x ≤ τu
n
i=nτu+1
log [a]+
n
i=nτu+1
log [b]+
n
i=nτu+1
log

gu (xi)

, τu < x <∞.
(4)
Since an analytical solution does not exist for this log-likelihood function, we numerically estimate the parameters µ, σ , τl,
and τu.
The CDF of h is
H (x;µ, σ , τl, τu) =

cb
xαl − xαlmin
αl
= κ1, xmin ≤ x < τl
κ1 + b
2
erf

log x− µ
21/2σ

− b
2
erf

log τl − µ
21/2σ

, τl ≤ x ≤ τu
κ2 − ba
αu

x−αu − τ−αuu

, τu < x <∞
where κ1 = bc  τlxmin g l (x; τl) dx and κ2 = κ1 + b  τuτl f (x;µ, σ) dx. Using the estimated parameters and the quantile
function, we can predict city sizes as
xˆ =


H (x) αl
bc
+ xαlmin
 1
αl
, H (x) ∈]0, κ1[
exp

21/2σerf−1

2
b

H (x)+ b
2
erf

log τl − µ
21/2σ

− κ1

+ µ

, H (x) ∈ κ1, κ2
 bf (τu) (τu)1+αu
−αu

H (x)− bf (τu)τu
αu
− κ2


1
αu
, H (x) ∈]κ2, 1].
(5)
Our distribution is more comprehensive and can be simplified into the lognormal upper-tail Pareto of Ioannides and
Skouras [6] by setting τl = xmin = 0 thereby eliminating the lower-tail Pareto and not imposing the differentiability
condition at the upper-tail transition point.
3. Estimation and analysis
We collected data for all US cities for 2010 from the Census Bureau [23]. This data set includes all incorporated cities and
census designated places (CDPs). CDPs are the statistical counter part to incorporated cities for all cities, towns, and villages
that do not have municipal government, but otherwise qualify as incorporated places.4 This data set includes 29,241 places
with the smallest city size xmin = 1 for several places and a maximum value of 8,175,133 for New York City.
We implement maximum likelihood estimation of Eq. (4) for two-Pareto tail-lognormal distribution and lognormal-
upper tail distribution with and without the differentiability conditions. Table 1 presents the estimated parameters of the
latter. Then, after discussing the results, we report the results of the PTLN distribution with the differentiability restrictions.
We utilized the line-search algorithm in the Matlab software for the estimation. We computed the standard errors based on
500 bootstrapped samples. All parameter estimates are highly significant as indicated by the low standard errors. For the
two-Pareto tail-lognormal distribution, the estimate of the lower tail switching point (τl) is 158with Pareto slope parameter
(αl) estimate of 1.27; the location (µ) and scale (σ ) estimates for the lognormal body are 6.71 and 2.13, respectively; while
the upper tail cutoff (τu) is 52,500 with a Pareto slope parameter (αu) estimate of 1.34.
When τl = 1, the two-Pareto tail-lognormal distribution turns into the lognormal-upper tail distribution, the lower tail
becomes part of the lognormal, and τl and αl are not part of the distribution. The estimated location for the lognormal body
is larger at 7.08while the scale is smaller at 1.80. However, the upper tail transition point τu is the same for both distribution
while the Pareto slope parameter is lower at 1.17. It is interesting that, even though the upper tail switching point is the same,
4 Following the 2000 Census, criteria was changed such that CDPs are areas that are ‘‘locally recognized and identified by name’’ [24]. CDPs are defined
according to administrative definitions and do not follow economic criteria.
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Table 1
Parameter estimates for the two distributions.
Parameters Est. value Std. errora Model selection criteria
Two-Pareto tail-lognormal distribution
τl 158.00 9.03 L (•|•) = −266,299.98
αl 1.27 2.89× 10−2 AIC = 532,611.96
µ 6.71 4.06× 10−2 BIC = 532,661.66
σ 2.13 3.05× 10−2 BF < 0.0001
τu 52,500.00 1.91× 10−2 V = 9.70
αu 1.34 3.86× 10−2
Lognormal-upper tail Pareto distribution
µ 7.08 4.75× 10−6 L (•|•) = −266,509.02
σ 1.80 5.50× 10−6 AIC = 533,026.04
τu 52,500.00 14.78 BIC = 533,059.17
αu 1.17 5.08× 10−5
a Standard errors are calculated from 500 bootstrapped samples.
Fig. 1. Rank-size plot for descending city size.
the other common parameter estimates for the two distribution differ in value. This shows that, even though only 3582 cities
with 311,769 people constitute the lower tail, explicitly modeling this tail allows more flexibility for the lognormal body
for mid-range cities, which, in turn, significantly impacts the upper tail Pareto parameter in the two-Pareto tail-lognormal
distribution.
For the 2000 Census, Ioannides and Skouras [6] report estimates of lognormal location (µ) of 7.26 and scale (σ ) of 1.73,
upper tail cutoff of τu = 60,290, and the Pareto slope parameter at αu = 1.25 for the lognormal-upper tail distribution.
Comparison of our upper tail cutoff point estimate for 2010 Census data to that of Ioannides and Skouras [6] for 2000 Census
data reveals that a larger portion of cities and population was in the upper tail for the 2010 Census (723 places, 2.5% of all
places, or 51% of population) relative to the 2000 Census (501 places, 2% of all cities, or 46% percent of population).
Next, we provide graphical and statistical evidence that the two-Pareto tail-lognormal distribution estimates the lower
tail, body, and upper tail more accurately than the lognormal-upper tail distribution. Figs. 1 and 2 graph the rank-size plots
for descending and ascending city size in log–log scale, respectively. The descending (ascending) rank-size plot accentuates
the upper (lower) tail and helps to visualize the goodness of fit more clearly. In both figures, the solid black line represents
the city size data, while the blue dashed line and green dot-dashed line depict the data generated – using Eq. (5) and the
parameter estimates given in Table 1 – for the two-Pareto tail-lognormal and lognormal-upper tail. These figures show that
the two-Pareto tail-lognormal distribution predicts the actual data for both the upper and lower tail more accurately than
the lognormal-upper tail distribution. Fig. 3 plots the lognormal body by stripping out the lower tail for the city sizes below
158.00 and upper tail for the city sizes above 52,500.00. This plot shows that the two-Pareto tail-lognormal also fits the
lognormal body better than the lognormal-upper tail distribution. This indicates that the smaller location and larger scale
of the two-Pareto tail-lognormal more accurately represents the lognormal body for the city size data.
More formally, the last column in Table 1 provides model selection criteria (AIC and BIC) and statistical tests (Bayes
factor and Vuong’s test) to identify which model fits the data better. Using the log-likelihood L and number of estimated
parameters k, we consider the Akaike Information Criterion (AIC = 2k − 2L) and Bayesian information criterion (BIC =
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Fig. 2. Rank-size plot for ascending city size.
Fig. 3. Rank-size plot for lognormal body for descending city size.
k log (n) − 2L) for model selection. Both the AIC and BIC trade off accuracy of the proposed distribution with the number
of parameters in the model; by design, the lowest value indicates the favored distribution. We are therefore able to judge
whether the additional parameters and added precision of the two-Pareto tail-lognormal distribution is preferred to the
more simplified lognormal-upper tail distribution. As shown in the table both the AIC and BIC are smaller for the two-Pareto
tail-lognormal distribution, indicating it is the preferred distribution.
Since the two distributions are not nested, we apply the Bayes factor (BF)with Jeffrey’s scale and Vuong’s closeness test
to comparemodel performance. The Bayes factor – a Bayesian counterpart to the likelihood ratio test – can be approximated
using the BIC as BF ≈ exp  12 BICu − BIC r and interpreted using Jeffrey’s scale5 [25]. Given the small value of the
BF < 0.0001, there is strong evidence in favor of two-Pareto tail-lognormal distribution. The Vuong’s test statistic V = 9.70
also indicates that our distribution fits the data better than the lognormal-upper tail distribution.
The upper tail Pareto estimates in both distributions are significantly different from one given that they are estimated
with a high degree of precision (very small standard errors), and thus do not strictly adhere to Zipf’s law.
We also estimated the PTLN model by imposing the differentiability condition as given in (2) and (3). The estimated
parameter value for the lower tail switching point (τl) is 7.03; the location (µ) and scale (σ ) estimates for the lognormal
body are 7.08 and 1.80, respectively; while the upper tail cutoff (τu) is 52,500. Using the differentiability restrictions, we
computed the reverse-Pareto slope parameter (αl) estimate of 1.59 and the upper-tail Pareto slope parameter (αu) estimate
5 According to Jeffrey’s scale, there is strong support for the two-Pareto tail-lognormal distribution if BF < 110 , moderate evidence if
1
10 < BF <
1
3 , and
weak evidence if 13 < BF < 1.
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of 1.17. These estimates are very similar to those of the lognormal-upper tail Pareto distribution, and the Vuong’s closeness
test statistic of 1.19 indicates the models are statistically equivalent. Furthermore, a comparison of Vuong’s test statistic
V = 9.66 for PTLN versus PTLN with differentiability restrictions and V = 9.70 for PTLN versus lognormal-upper tail
distribution indicates that PTLN distribution is more flexible and not over parameterized.
4. Conclusion
We propose a distribution that models the lower tail Pareto, lognormal body, and upper tail Pareto of city size data. The
proposed distribution nests the lognormal body and upper tail Pareto distribution proposed by Ioannides and Skouras [6].
Based on the graphical evidence of the rank-size plot and statistical support provided by AIC , BIC , likelihood-ratio test,
the Bayes factor, and Vuong’s test, our results provide strong evidence that the more flexible two-Pareto tail-lognormal
distribution provides better fit of the US city size distribution and is the statistically preferred model. Because the two-
Pareto tail-lognormal distribution explicitly models the truncation point for the lower tail Pareto, there is more flexibility in
estimating the location and scale parameters for the lognormal body, which ultimately allow for more accurate estimation
of the upper tail Pareto parameter.
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